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UNIT-I 
MATHEMATICAL MODELLING OF CONTROL SYSTEMS 

 
Topics: Concepts of Control Systems- Open Loop and Closed Loop control 
systems. Mathematical modeling –Transfer function, Modeling of electrical 

systems, mechanical systems, Electrical analogy of mechanical systems. 
Block diagram representation of systems - Block diagram algebra. Signal 
flow graph – reduction using Mason’s gain formula. Feedback Control 

System Characteristics- Sensitivity of Control Systems to Parameter 
Variations, Disturbance Signals in a Feedback Control System.  

 
INTRODUCTION: 
LAPLACE TRANSFORMATION OF COMMON FUNCTIONS 
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EXAMPLE-1: Find the Laplace transform of f(t) =1 
SOL: 

 
 

 
CONCEPTS OF CONTROL SYSTEMS 
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CLASSIFICATION OF CONTROL SYSTEMS 
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OPEN-LOOP CONTROL SYSTEM 
 

 

 

ADVANTAGES: 

• These systems are very much suitable for use 
• The design of this system is very simple. 
• The maintenance aspect of this system is simple. 

• The stability is good for some extent of time in this control system 
• The convenience in usage is very good 

• The cost is low when compared to other systems. 
• The output produced is stable 

DISADVANTAGES: 

• The automatic correction of output deviations cannot be done in this 
control system 

• Inaccuracy exists in these systems 
• There exists less bandwidth 

• Timely recalibration is required in this control system 
• As it is a non-feedback system, the automation of the process will not 

be initiated 

• The disturbances from outside also show the impact on the required 
output 

APPLICATIONS: 

Electric bulb, TV remote control, Washing Machine, Volume on the stereo 
system, Clothes drier, Servo motor or stepper motor, Door lock systems, 
Coffee or tea making machine, Inkjet printers etc. 
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EXAMPLE: 
 
TRAFFIC CONTROL SYSTEM: 

Traffic control by means of traffic signals operated on a time basis 

constitutes an open-loop control system. The sequence of control signals 

is based on a time slot given for each signal. The time slots are decided 

based on a traffic study. The system will not measure the density of the 

traffic before giving the signals. Since the time slot does not change 

according to traffic density, the system is an open-loop system.  

TEMPERATURE CONTROL SYSTEM (ELECTRIC FURNACE): 

 

 

The electric furnace shown below is an open-loop system. The output 
in the system is the desired temperature. The temperature of the system is 

raised by heat generated by the heating element. The output temperature 
depends on the time during which the supply to the heater remains ON. The 
ON and OFF of the supply are governed by the time setting of the relay.  

 The temperature is measured by a sensor, which gives art analog 
voltage corresponding to the temperature of the furnace. The analog signal 

is converted to a digital signal by an Analog-digital converter (AD converter). 
The digital signal is given to the digital display device to display the 
temperature. In this open-loop system, if there is any change in output 

temperature then the time setting of the relay is not altered automatically.  
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CLOSED-LOOP CONTROL SYSTEM 

 

 

 

ADVANTAGES: 

• It reduces error in the output by automatically adjusting the system’s 
input. 

• This system improves the stability of a system. 

• It controls the sensitivity of the system to external factors. 
• This control system enhances the robustness of the system. 

• It produces reliable and repeatable performance. 
• This system also reduces the disturbance compared to the open-loop 

control system. 

• Improved reference tracking 

DISADVANTAGES: 

• This system many times requires a complex design with more than 
one feedback path to get the desired outputs. 

• The controller becomes unstable and starts to oscillate when the gain 
of the controller is too sensitive to the changes in its input signal. 

• This system is very expensive. 

 

 
 



 

 

P
ag

e8
 

 

APPLICATIONS: 
Automatic toaster, Automatic washing machine, Air conditioner, Automatic 
water level controller in water tanks, DC Motor speed controller, Home 

heating, Missile launching system, Boiler control, Car’s cruise control etc. 
 

 
EXAMPLE: 
 

TRAFFIC CONTROL SYSTEM: 
A traffic control system can be made as a closed-loop system if the 

time slots of the signals are decided based on the density of traffic. In a 

closed-loop traffic control system, the density of the traffic is measured on 

all the sides and the information is fed to a computer. The timings of the 

control signals are decided by the computer based on the density of traffic 

Since the closed-loop system dynamically changes the timings, the flow of 

vehicles will be better than the open-loop system.  

TEMPERATURE CONTROL SYSTEM (ELECTRIC FURNACE): 

 

The electric furnace shown in the figure is a closed-loop system 

example. The output of the closed-loop system is the desired temperature 
and it depends on the time during which the supply to the heater remains 

ON.  
The switching ON and OFF of the relay is controlled by a controller 

which is a digital system or computer. The desired temperature is input to 

the system through the keyboard or as a signal corresponding to the desired 
temperature via ports. The actual temperature is sensed by the Sensor and 
converted to a digital signal by the A/D converter.  

         The computer reads the actual temperature and compares it with the 
desired temperature. If it finds any difference then it sends the signal to 

switch ON or OFF the relay through D/A converter and amplifier. Thus the 
system automatically corrects any changes in output. Hence it is a closed-
loop system.  
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COMPARISON BETWEEN OPEN-LOOP AND CLOSED-LOOP CONTROL SYSTEMS 
 

 

 

MATHEMATICAL MODELING OF CONTROL SYSTEMS 
 
TRANSFER FUNCTION: 

 

 

 

 



 

 

P
ag

e10
 

 

 
MODELING OF ELECTRICAL SYSTEMS 
 

 
 

 
 

PROBLEMS 

1) Determine the transfer function V0(s) / Vi(s) of the electrical system 

shown in the fig. 

 
SOL: 
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2) Determine the transfer function V0(s) / Vi(s) of the electrical system 

shown in the fig. 

 
SOL: 
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3) Determine the transfer function of an electrical system shown in the fig. 

 
SOL: 
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4) Determine the transfer function of an electrical system shown in the fig. 

 
SOL: 
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5) The dynamic behaviour of the system is described by the differential 

equation  

 

Where ‘e’ the input and ‘c’ is the output. Determine the transfer function of 
the system. 

SOL: 
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MODELING OF MECHANICAL SYSTEMS 
 

 
 
TRANSLATIONAL MECHANICAL SYSTEM 
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ROTATIONAL MECHANICAL SYSTEM 
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PROBLEMS 
 

1) Write the differential equations governing the mechanical system shown 
in the fig. and determine the transfer function 

 
SOL: 
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2) Write the differential equations governing the mechanical system shown 

in the fig. and determine the transfer function Y2(s) / F(s). 

 
SOL: 
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3) Write the differential equations governing the mechanical system shown 
in the fig. and determine the transfer function X(s) / F(s). 

 
SOL: 
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4) Write the differential equations governing the mechanical system shown 
in the fig. and determine the transfer function. 

 
SOL: 
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5) Write the differential equations governing the mechanical system shown 

in the fig. and determine the transfer function 𝜭(s) / T(s). 

 
SOL: 
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ANALOGOUS SYSTEMS 
 

 
 
FORCE – VOLTAGE (OR) TORQUE – VOLTAGE ANALOGY  
(MESH ANALYSIS): 

 

 
 
 

FORCE – CURRENT (OR) TORQUE – CURRENT ANALOGY  
(NODAL ANALYSIS): 
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PROBLEMS 
1) Write the differential equations governing the mechanical system shown 
in the fig. Draw the force-voltage and force-current electrical analogous 

circuits and verify by writing the mesh and nodal equations. 

 
SOL: 

 

 
 

F-V ANALOGOUS CIRCUIT: 
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F-I ANALOGOUS CIRCUIT: 
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2) Write the differential equations governing the mechanical system shown 
in the fig. Draw the force-voltage and force-current electrical analogous 
circuits and verify by writing the mesh and nodal equations. 

 
SOL: 

 

 
 

 
 

F-V ANALOGOUS CIRCUIT: 
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F-I ANALOGOUS CIRCUIT: 
 

 

 

 

 



 

 

P
ag

e2
9 

 

3) Write the differential equations governing the mechanical system shown 
in the fig. Draw the torque-voltage and torque-current electrical analogous 
circuits and verify by writing the mesh and nodal equations. 

 
SOL: 

 

 

 
 

T-V ANALOGOUS CIRCUIT: 
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T-I ANALOGOUS CIRCUIT: 
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4) Write the differential equations governing the mechanical system shown 
in the fig. Draw the torque-voltage and torque-current electrical analogous 
circuits and verify by writing the mesh and nodal equations. 

 
SOL: 
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T-V ANALOGOUS CIRCUIT: 

 

 

 
 
T-I ANALOGOUS CIRCUIT: 
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BLOCK DIAGRAM REPRESENTATION OF SYSTEMS 
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BLOCK DIAGRAM OF A CLOSED-LOOP SYSTEM 
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BLOCK DIAGRAM ALGEBRA - RULES FOR REDUCTION OF BLOCK DIAGRAM 

 

RULE-1 
Combining the 

blocks in 

Cascade  

RULE-2 

Combining the 

blocks in 
Parallel 

 

RULE-3 
Moving a take-
off point after 

the block 

 

RULE-4 
Moving a take-
off point ahead 

of a block 

 

RULE-5 

Moving a 

summing point 
after the block 

 

RULE-6 

Moving a 
summing point 

ahead of the 
block  

RULE-7 
Elimination of 
feedback loop 

 

RULE-8 
Interchanging 
the summing 

points  

RULE-9 
Splitting a 

summing point 

 

RULE-10 

Moving a take-

off point ahead 
of a summing 

point 
 

RULE-11 

Moving a take-
off point after 

a summing 
point 

 

RULE-12 
Combining the 

summing 

points  
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PROBLEMS 
1) Draw the block diagram of series RLC circuit as shown in the fig. 

 
SOL: 
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2) Reduce the block diagram shown in the fig. and find C / R. 

 
SOL: 
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3) Using the block diagram reduction techniques, find the closed loop 
transfer function of the system whose block diagram is shown in the fig. 

 
SOL: 
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4) Obtain the transfer function C(s) / R(s) of the system whose block 
diagram is shown in the fig. 

 
SOL: 
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5) Using the block diagram reduction techniques, find the closed loop 
transfer function C(s)/R(s) of the system whose block diagram is shown in 

the fig. 

 
SOL: 
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SIGNAL FLOW GRAPH (SFG) 
 

 

 
BASIC DEFINITIONS IN SFG 
 

Consider the following signal flow graph. 
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PROPERTIES OF SIGNAL FLOW GRAPH 
 

 
 

MASON’S GAIN FORMULA – REDUCTION OF SIGNAL FLOW GRAPH 
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PROBLEMS 
1) Find the overall transfer function of the system whose signal flow graph is 
shown in the fig. 

 
SOL: 
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2) Find the overall transfer function of the system whose signal flow graph is 

shown in the fig. 

 
SOL: 
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3) Find the overall transfer function C(s)/R(s) of the system whose signal 
flow graph is shown in the fig. 

 
SOL: 
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4) Find the overall transfer function C(s)/R(s) of the system whose signal 
flow graph is shown in the fig. 

 
SOL: 

 

 

 

 



 

 

P
ag

e5
4 

 

5)  

 
SOL: 
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TRANSFER FUNCTION, BLOCK DIAGRAM AND SIGNAL FLOW GRAPH 
OF ARMATURE CONTROLLED DC MOTOR 
 

TRANSFER FUNCTION: 
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BLOCK DIAGRAM: 
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SIGNAL FLOW GRAPH: 
 

 
 

 
 

 
 
 

 
 
 

 
 



 

 

P
ag

e6
0 

 

TRANSFER FUNCTION, BLOCK DIAGRAM AND SIGNAL FLOW GRAPH 
OF FIELD CONTROLLED DC MOTOR 
 

TRANSFER FUNCTION: 
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BLOCK DIAGRAM: 

 

 

 

 
 

SIGNAL FLOW GRAPH: 
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FEEDBACK CONTROL SYSTEM CHARACTERISTICS 
 

 

 
 

i) EFFECT OF PARAMETER VARIATIONS IN AN OPEN LOOP CONTROL 
SYSTEM 
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ii) EFFECT OF PARAMETER VARIATIONS IN A CLOSED LOOP CONTROL 
SYSTEM 
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iii) EFFECT OF FEEDBACK ON SENSITIVITY 
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iv) EFFECT OF FEEDBACK ON OVERALL GAIN 
 

 
 

v) EFFECT OF FEEDBACK ON STABILITY 
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vi) EFFECT OF FEEDBACK ON DISTURBANCE 
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